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A Linear flux approach is developed for a finite element thermal-structural analysis of steady-state thermal
and structural problems. The element fluxes are assumed to vary linearly in the same form as the element
unknown variables, and the finite element matrices are evaluated in closed form. Because numerical integration
is avoided, significant computational time-saving is achieved. Solution accuracy and computational speed im-
provements are demonstrated by solving several two- and three-dimensional thermal-structural examples.

Nomenclature
A = finite element area
{B} = boundary load vector
C; = material elastic constants
[D,], [D,] = element matrices, Eq. (6)
E, F = x and y flux components
H = internal heat generation
h = convective heat transfer coeff., Eq. (16);
beam thickness, Eq. (30)
V1 Jacobian matrix
k thermal conductivity
£ beam length, Eq. (30)
&, m,n components of unit normal vector
[M] mass matrix

element interpolation function

[N]
[P.], [P,] element matrices, Eq. (11)

q = heat flux

{R} = load vector

s = distance along boundary

T = temperature

T, = reference temperature for zero stress
T, = fluid recovery temperature

T, = surface temperature

T. = surrounding medium temperature
u,v,w = displacement components

v, = element constants, Eqgs. (21-28)
X, y,2 = coordinate directions

a = coefficient of thermal expansion
AT = temperature increment

€ = emissivity, Eq. (16)

&, &,,6,, = strain components, Eq. (15)

T = Stefan-Boltzmann constant

o,, 0,, T, = Stress components
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Subscripts
s = structural
T = thermal
Superscripts
= transpose
Introduction

OR hypersonic vehicles to become a practical reality,

efficient techniques are needed to analyze light-weight
airframe and engine structures for repeated and prolonged
exposure to their severe flight environment. To understand
the structural response under these severe aerodynamic loads,
research in the Aerothermal Loads Branch, NASA Langley
Research Center has focused on developing effective com-
putational approaches for predicting the aerodynamic flow
and the thermal and structural response of the structure, in-
cluding their interactions.! The approaches consist of using:
1) a general automated unstructured gridding to discretize the
aerodynamic flowfield and the structure; 2) finite element
methods to solve for the environment, loads, and response
for all three disciplines (flow, thermal, and structural re-
sponse); and 3) adaptive mesh refinement techniques with
error indicators to minimize the number of grid points and
increase the solution accuracy.

A Taylor-Galerkin finite element algorithm, has been used
recently to predict the aerodynamic flowfield as well as the
thermal-structural response for high-speed flow over leading
edges.? The approach utilizes: 1) a Taylor series expansion in
time to establish recurrence relations for time marching; and
2) the method of weighted residuals with Galerkin’s criterion
for spatial discretization. The governing equations are cast in
conservation form. The standard primitive variables are re-
placed with their flux counterparts, which are assumed to vary
linearly over the elements. This formulation allows the finite
element matrices to be evaluated in closed form, thereby
avoiding the more expensive numerical integration. Because
the Taylor-Galerkin algorithm is a time-marching (transient)
algorithm, the full benefits of the linear flux formulation for
steady-state problems (steady-state heat transfer and static
structural problems) has not been exploited. Furthermore,
most structural problems may be treated as quasistatic even
when the aerodynamic loads and the thermal response are
transient.

The purpose of this paper is to extend the Taylor-Galerkin
algorithm to steady-state thermal-structural analysis. The lin-
ear flux formulation and solution procedure are introduced.
The finite element matrices (in integral forms), which are
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different from those appearing in the conventional finite ele-
ment formulation, are presented. A method to derive these
finite element matrices in closed form is developed and pre-
sented for both two- and three-dimensional elements.

The capability of the linear flux formulation is demon-
strated using four examples: 1) a thermal analysis of a circular
plate with internal heat generation; 2) a structural analysis of
a beam bending due to thermal load; 3) a thermal-structural
analysis of a two-dimensional aerodynamically heated leading
edge model; and 4) a structural analysis of a three-dimensional
leading-edge model. Results are compared with available an-
alytical solutions and the conventional finite element solu-
tions.

Thermal-Structural Formulation

The derivation of finite element equations using a linear
flux formulation is presented for steady-state thermal and
structural analyses. For simplicity, the derivation presented
herein is for two-dimensional problems. Extension to three-
dimensional problems is straightforward. The governing
equations are written in conservation form so that the linear
flux formulation can be used directly. This formulation yields
finite element matrices that can be evaluated in closed form.
A method to evaluate these closed form matrices is described
for both two- and three-dimensional elements.

Governing Equations

Heat Transfer

The steady-state thermal response of a structure is governed
by the energy in conservation form

a a
a—x' (ET) + :9_)’- (Fr) = Hy (1)

where the subscript T denotes the thermal analysis, £, and
F; are the heat flux components, and H is the heat source
per unit volume. The heat fluxes E; and F; are related to
temperature gradients by Fourier’s law.

Structural Response

The static structural response is governed by the equilib-
rium equations in conservation form

9 J
o BN+ 5 FY =0 )

where the subscript s denotes the structural analysis. The
vectors {E;} and {F,}, which contain the stress components,
are given by

{Es}T = [o-x Txy] (3)
F}=In, o]

The stress components o,, o,, and 7,, are related to the
displacement gradients and the temperature by the general-
ized Hooke’s law.

Solution Procedure

For simplicity in presenting the linear flux algorithm, both
_the steady-state energy equation and structural equilibrium
equations are written in the form of a scalar equation as

dE  oF
x ay “)
Although the derivation presented below is for the thermal

analysis, the procedure can be applied directly to the struc-
tural analysis.

Linear Flux Assumptions

The key feature of the linear flux formulation in the thermal
analysis is to assume the distribution of the element heat fluxes
E and F in the same form as the element temperature distri-
bution T, that is

T(x, y) = [N(x, y)KT}
E(x, y) = [N(x, y){E} &)
F(x,y) = [N)x, y)KF}

where [N(x, y)] are the element interpolation functions, and
{T}, {E} and {F} are the vectors of the element nodal quan-
tities. The assumption of a linear distribution of element fluxes
E and F, which are interpolated in the same form as other
dependent variables (e.g. T, as shown in Eq. (5)), is widely
used in the computational fluid dynamics.?

Finite Element Equations

The finite element equations are derived using the method
of weighted residuals.® The governing differential equation,
Eq. (4), is multiplied by the weighting functions, [N(x, y)],
and integrated over the element area A. Integration by parts
is performed to produce element integral terms and the
boundary surface integral terms for application of different
types of thermal boundary conditions. Details of the deri-
vation follows the conventional finite element approach de-
scribed in Ref. 3. The finite element equations obtained are
in the form

[D.{E} + [D,){F} + {R} + {B} = 0 (6)

In this equation, the matrices [D,] and [D,] are
0 = [ {2} ma 4 (7a)
o) = {%’;V} [N)d A ()

The element nodal vector {R} associated with the heat source
H is defined as ‘

R} = L (NIJHd A (8)

The vector {B} representing the boundary nodal vector is
defined as

@B = f NI 5(€ {E} + mi{F}) o

- [ wviasig)

where { and m are the components of a unit vector normal
to the element boundary. The finite element matrices shown
in Egs. (7-9) are evaluated in closed form, as is demonstrated
in the subsequent section.

Because the fluxes E and F are related to the temperature
gradients given by Fourier’s law

aT

E = —ka (10a)
T

F = —kg (10b)

where k is the material thermal conductivity, the element
nodal flux vectors, {E} and {F}, can be expressed in terms of
element nodal temperature {T} as
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{E} = —k[P.}T} (11a)
{F} = —k[P,XT} (11b)

where the matrices, [P,] and [P,], are related to the element
shape and are given in the Appendlx The element nodal flux
vectors, Egs. (11a) and (11b), are substituted into Eq. (6) to
obtain the final finite element equations in terms of the un-
known element nodal temperature {7} in the form

[KHT} = {R} + {B} (12)
where the stiffness (or conduction) matrix, [K], is given by
[K] = KID.J[P.] + kID,][P,] (13)

Equation (12) is in a form similar to that obtained from the
conventional finite element approach, except that the latter

stiffness matrix is defined by
oN
* f € {By} [ay] o

aN] [aN]
K] = f {ax}[z;]d“‘
(14)

Evaluation of the conventional stiffness matrix [K] for some
element types, such as the two-dimensional quadrilateral and
three-dimensional hexahedral elements, requires the use of
numerical integration.

For nonlinear problems (e.g., due to temperature depend-
ent thermal conductivity), Eq. (12) is solved by the Newton-
Raphson iteration technique.®* This procedure is identical to
that used in the conventional finite element approach.

The approach presented for the thermal analysis is applied
directly to derive the finite element equations for the struc-
tural analysis. The equations are identical to Egs. (5-13),
where the temperature vector {T} is replaced by the displace-
ment vector containing the components u and v in x and y
directions, and the vectors {E} and {F} represent the element
nodal stress components. For elastic isotropic materials, typ-
ical model stress components in two dimensions are obtained
using the general constitutive relation given as

Oy Cu Cp Cy
gy, = Cp, Cn Cy
T Cis Cy Gy

xy

B
+(T-Ty {By] (15)

where C;,i,j = 1, 2, 3, are the material elastic constants;
B, and B, are the thermal expansion parameters in the x and
y directions, respectively. Explicit expressions of this Eq. (15)
for two-dimensional plane stress and plane strain problems
are given in Ref. 3.

Boundary Conditions

The boundary conditions for thermal analysis are applied
via the boundary nodal vector {B} shown in Eq. (9). The
vector {g} appearing in this equation may be replaced by
different types of boundary conditions

0 (insulated)
(specified heating)
(surface convection)
(surface radiation)

1=k, - 1) (16)

ea(Tt — T?)

The boundary conditions for the structural analysis, such
as the applied surface pressure, can be added into the struc-
tural equations via the surface boundary vector. The proce-
dure is identical to that for the thermal analysis previously
described and is, therefore, omitted.

Derivation of Closed-Form Finite Element Matrices
and Element Nodal Gradients

All finite element integrals, such as [D.], [D,], and {R},
which are given by Egs. (7) and (8), can be expressed in closed
forms. This is true for simple element types (rods, triangles,
and tetrahedrons) as well as for more popular elements (quad-
rilaterals and hexahedrons). In addition, closed-form expres-
sions for other finite element integrals (such as the consistent
mass matrix) and the gradients of element variables (such as
the consistent mass matrix) and the gradients of element var-
iables (such as 877dx), which are normally required in other
finite element formulations, can be obtained by the procedure
described below.

Quadrllateral Element

Typical finite element integrals for a general quadnlateral
element, as shown in Fig. 1, are given below using natural
coordinates:

w = [ [ vl dgan i)

wi=[ [ (2 wwacen as

where [M] is the consistent mass matrix and [D,] is the ele-
ment matrix previously defined in Eq. (7a). The determinant
of the Jacobian [J| represents the transformation from the
elenient global x — y coordinates to the natural coordinates
£ — m (see Fig. 1). The transformation permits the element
integration to be evaluated over a square. The determinant
of the Jacobian for the two-dimensional quadrilateral element
is

=l
REP ORI
mEen EEew|
= _aé 2 % g (N:y»)
23 G2 3 ()
where |
N=NED =310+ +9m) i=1,...,4

(20)

. The algebraic expression for the determinant of the Jaco-
bian shown in Eq. (19) is in the form of the partial derivatives
of the element interpolation functions N,(£, n) and the ele-
ment nodal locations (x;, y; i = 1, ..., 4). The expression
for the determinant of the Jacobian is quite lengthy (contains
a total of 64 terms if fully expanded), and, thus, results in a
tedious task for deriving the closed form element matrices
[Eq. (17) and (18)]. Such a task becomes almost impossible
for the three-dimensional eight-node hexahedral element in
which the determinant of the Jacobian, if fully expanded,
contains approximately 200,000 terms. To overcome this dif-
ficulty, the determinant of the Jacobian is rewritten in an
alternate, simpler form

Ml = 2 N(& m)V, 1)
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where N,(£, 1) are the functions of the natural coordinates &
and 7, and are selected so that Eq. (21) represents the com-
plete order of polynomials of ¢ and 7 as appearing in the
original Eq. (19). The unknown constants, V;, are functions
of the nodal coordinates and are to be determined. For a two-
dimensional quadrilateral element, the functions, N,(§, n),
can be represented by the isoparametric quadrilateral element
interpolation functions, N,(¢, 7), as given by Eq. (20). Equa-
tion (21) then becomes

4
Wl = 2 Ng mv,
= NV, + N,V, + N;V; + N,V,

(22)

The unknowns V,, i = 1,. .., 4 can then be determined
easily using the properties of N,(¢, ), that is N(¢, n) equal
to unity at node i and zero at the other nodes. As an example,
V, is obtained by equating Eqs. (22) and (19) with the property
atnode 1 (¢ = n = —1in Fig. 1) to give

Vi=1[0x — x)ys + (x; — x)y, + (x4 = )14 (23)

The use of the determinant of the Jacobian in the form of
Eq. (21) instead of the original Eq. (19) permits the finite
element matrices [Egs. (17) and (18)] to be evaluated in closed
forms. The use of the symbolic manipulation program
MACSYMAS greatly simplified this evaluation.

The determinant of the Jacobian in the form of Eq. (21) is
also used to derive closed-form expressions for the element
gradients. For example, the element temperature gradlent
aT/dx, is given by

aT 1 oN oN
a—x IJI (Jzz [6_5] -J ['é;]) {T} (24)

where J,, and J,, are defined in Eq. (19). The temperature

gradient at node 1 can be determined by settingé = n = —1
to yield
T _ (L Ty, + (T, = Ty, + (T, — Ty)y,

ax

node 1 .(xz = x)¥s + (X4 — X)y, + (X — X))y
(25)

where subscripts denote the element node numbers shown in
Fig. 1.

The approach presented here is used to derive closed form
expressions for the other finite element matrices (e.g. [Dy]
and {R}) and nodal variable gradients. These closed-form
expressions are used in the formulation for both thermal and
structural analyses

Hexahedral Element

The three-dimensional finite element matrices are in the
same form as shown in Eqgs. (17) and (18), except that inte-
gration is performed over the element volume. For an eight-

n

X

a) Global coordinates b) Natural coordinates

Fig. 1 Quadrilateral finite element in two-dimensional global and
natural coordinates.

€
5 8
6 o7
é/",i- {-mme-e [
-4 4
2~ 3

a) Global coordinates

b) Natural coordinates

Fig. 2 Hexahedral finite element in three-dlmensmnal global and
natural coordmates

node hexahedral element as shown m Fig. 2, the element
interpolation functions are ,

N, = Ni(g’ 7, {) = (1 + &)1 + 7)) 1+
i=1,...,8 (26)

and the determinant of the Jacobian is given by

9 9 d
52 (ENx,) 6_§ (ENw) .3—‘5’ (EN:z;)

) 3 d
=| —(CENux; — Y, — iZ; 7
V=] 5 @Ne) 5o GNp) G- (Nz)| @)

J a a
:9—{ (ENi-?i) & (ENy) B_{ (EN;z)

By following the procedure described in the previous sec-
tion, the above determinant of the Jacobian is rewritten in
an alternate simpler form as in Eq. (21). In three dimensions,
the hexahedral element interpolation functions N(&, 7, {),
given in Eq. (26), cannot be used to represent the function,
N(¢, m, ), in the same fashion as in the two-dimensional
Jacobian formulation: This is because the hexahedral element
interpolation functions, N(¢, 1, {), do not provide a complete
polynom1a1 as required by the determinant of the Jacobian
shown in Eq. (27). Therefore the functions, N(£, 7, {), are
represented by 27-node Langrange cubic element interpola-
tion functions to obtain a snmpler form for the Iacoblan de-
terminant, given as Eq. (28)

| = EN(f,n,oV i=1,...,21 (28)

The unknowns V; are determined by equating the Eqgs. (27)
and (28) at the nodal locations of the Lagrange cubic element.
The program MACSYMAS was used to derive these un-
knowns V; as well as the associated element matrices and the
element nodal gradients in closed form. The algebraic expres-
sions for the matrices and the gradients were very lengthy,
therefore, they were translated into FORTRAN statements
using MACSYMA and were used directly in the analysis code.
The use of these closed-form expressions reduces the com-
putational time compared to the traditional numerical inte-
gration, as is demonstrated in the next section.

Application

Four examples are presented to demonstrate the accuracy
and computational efficiency of the linear flux formulation.
These consist of: 1) a thermal analysis of a circular plate with
internal heat generation; 2) a structural analysis of a beam
bending due to thermal load; 3) a two-dimensional thermal-
structural analysis of an aerodynamically heated leading-edge
model; and 4) a three-dimensional structural analysis of an
aerodynamically heated leading-edge model. Results ob-
tained by the linear flux formulation are compared with avail-
able analytical solutions and the conventional finite element
solutions,
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Circular Plate with Internal Heat Generation

A 20 in. diam stainless stéel circular plate with internal heat
generation and specified zero temperature along the circum-
ferential boundary shown in Fig. 3 is used as the first example.
Analytical solution for the variation of temperature in the
plate is available and is given by

T(r) = 4_Q/E (100 - ) (29)

where Q is uniformly distributed internal heat generation rate
per unit volume, k the plate thermal conductivity, and r the
plate radial distance. Due to symmetry, only a quarter of the
plate is modeled with 10 quadrilateral elements as shown in
Fig. 3. The distorted quadrilateral element shape was selected
to evaluate the formulation performance under an arbitrary
unstructured mesh condition.

The plate témperature distribution obtained from the linear
flux formulation is compared with the analytical solution [Eq.
29)] and the conventional finite element solution in Fig. 4.
Because of the crude mesh used in the model, both finite
element solutions underpredict the temperature distribution.
The temperatures at nodes A, B, and C (see Fig. 3), obtained
by the analytical method, linear flux approach, and the con-
ventional approach are shown in Table 1. These results in-
dicate that the linear flux formulation provides slightly higher
solution accuracy compared to the conventional finite element
formulation. This is due to the fact that four-Gauss-point
numerical integration, which is commionly used to evaluate
the conventional finite element stiffness matrix [see Eq. (14)],

cannot provide exact integration for arbitrary quadrilateral

element shapes.

The computational time for linear flux approach and the
conventional approach are given in Table 2. The ‘comparison
of the computational time indjcates a 39% savings for the
linear flux approach. The time savings is due to the use of
the closed-form algebraic expressions rather than the numer-
ical integration to evaluate the finite element stiffness matrix.

a Q 2
Insulated ] 0°F

r 10 Quads

o 17 Nodes

A N
N |
Insulated
10" |

-

Fig. 3 Finite element model for a 10-in.-radius circular plate sub-
jected to internal heat generation.

Q
3
100 e 7 0°F
Tempgéature,
N\ Fer
S0- Linear flux/ :
Conventional
1
0 5 10

r;in.

Fig. 4 Comparative temperature distribution for 10-in.-radius cir-
cular plate subjected to internal heat generation.
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Table 1 Comparative nodal temperature (°F) and errors

Linear flux Conventional
Analytical . Error Error
Location Eq. (29) Temp. (%) Temp. (%)
A 100.0 96.9 3.1 96.5 3.5
B 92.0 88.3 4.0 87.9 4.4
C 68.0 67.8 0.3 - 673 1.0

Table 2 Comparative CPU time (CRAY-2 seconds) for evaluating
element stiffness matrix

Linear flux Conventional % Saving
0.1036 x 10-3 ~0.1690 x 10-* 39
160 elements
y 210 nodes

Fig. 5 A schematic finite eleimient model of heated beam with bound-
ary conditions.

Beam Bending Due to Thermal Load

As a second example, a 4 in. long, 0.1 in. thick stainless
steel beam pinned on the bottom edges is considered and is
shown in Fig. 5. The beam is assumed to be flat, and stress-
free at room temperature. The beam temperature is raised
uniformly by 65°F. The edge constraints cause the beam to
bend into a convex shape. At this relatively low temperature
and small deformation, beam structural response may be ap-
proximated by the beam-column theory,® in which shear ef-
fects are neglected. For cylindrical bending, flexural rigidity
of the beam D is equal to Ek*12, where E is the modulus of
elasticity and  is the thickness of the beam (see Fig. 5). The
deflection v(x) is given by’

coS Ax

cos A
2

vix) = -}21 -1 (30)

where ¢ is length of the beam and A is V/(P/D). The axial
cofistraint force P is computed from

2
P (éf>

hE 2 2
(g _sin Ae)
2 2 2A
%g—T— — aATE = (31)
cos? —2—

where AT is the beam temperature increment.

Using symmetry, one-half of the beam is modeled with 160
quadrilateral finite elements. The finite elements are uni-
formly distributed with 40 elements along the beam length
and 4 elements through the beam thickness. Both the linear
flux and the conventional finite element approaches yield
identical beam deflections. The predicted deflection distri-
bution is compared with the solution from the beam theory,
[Eq. (30)], in Fig. 6. The figure shows a very good agreement
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015

.010

v (x), in.
.005
Linear flux &
conventional
|

0 1 2
X, in

Fig. 6 Comparative deflections for a 4-in.-long beam sub)ected to
uniform temperature increment of 65°F.

508 Quads

Aero. 640 Nodes

Aero.
heating pressure

Radiatior}\ LV
« i ==t

Conduction

s K3
1/4" Dia-/ | 3" —»| 0.1

Fig. 7 A schematic thermal-structural finite element model of 0.25-
in.-diam, 3-in.-long leading edge with boundary conditions.

of the beam deflection distributions with the maximum dif-
ference of about 2% at the beam center (x = 0).

The predicted beam deflection obtained from the linear flux
formulation demonstrates the capability of the approach for
providing the same solution accuracy as the conventional fi-
nite element approach for the structural analysis. Of course,
the computational time saving of 39% is still achieved in the
evaluation of the finite element stiffness matrix.

Two-Dimensional Leading Edge Model

To demonstrate further the capability of the linear flux
formulation for both thermal and structural analyses, the ap-
proach is applied to predict the thermal-structural response
of an aerodynamically heated leading -edge subjected to a
high-speed flow. The leading edge consists of a 0.25-in. nose
diam, 3-in.-long model made of 0.1-in.-thick Inconel 617 alloy
as shown in Fig. 7. The thermal boundary conditions along
the outer surface consist of applied aerodynamlc heating and
emitted surface radiation. The leading edge is insulated along
the inner surface. A schematic of the finite element model,
which consisted of 508 quadrilateral elements is given in the
figure. The mesh is graded with five elements through the
thickness and 127 elements along the circumference. Ap-
proximately 70% of the elements lie in the 0.25-in. nose of
the leading edge.

The aerodynamic heating along the leading-edge outer sur-
face and the aerodynamic flowfield represented by the Mach
number contours are shown in Fig. 8. These flow solutions
were obtained from Ref. 8 by solving the Navier-Stokes equa-
tions. The Mach number contours indicate an unsymmetric
bow shock shape from the freestream Mach 5.25 flow, which
is inclined 12.5 deg relative to the bottom of the leading edge.
The aerodynamic heatmg rate distribution is relatively low
along both lower and upper surfaces of the leading edge com-
pared to the stagnation point heatmg rate. The aerodynamic
heating rate on the lower surface is slightly higher than the
upper surface. The aerodynamic heating increases signifi-
cantly at the nose because the flow stagnates in that region.

The leading-edge aerodynamic heating, shown in the Fig.
8, was predicted assuming a uniform surface temperature of
530°R. During the transient response, the aerodynamlc heat-
ing rate decreases as the leading-edge temperature increases.
Thus, to obtain a realistic leading- edge temperature response,
the spec1f1ed aerodynamic heating [g, in Eq. (16)] is converted

400

300
Aero.
heating,
Btu

2,
ft< - sec 100

200

0
S, in.
Fig. 8 Surface heating rate distribution and flow Mach number con-
tours for an undisturbed Mach 5,25 flow over leading edge.

—— Linear flux

... Conventional [2300°R 1800°R
3000 - Jﬂr‘:‘éﬁ:ﬂ

\ \ s
25°°°R 19°0°R

2500
Temperature,

2000

1500

| A
0 1 2 3 4 5 6 7
s, in.
Fig. 9 Steady-state surface temperature distributions and leading-
edge temperature contours.

into the surface convection boundary condition |A(T, — T,)
in Eq. (16)]. It should also Be noted that the change in the
surface convection coefficient 4 with the surface temperature
T, is small compared to the change in the heating rate q,.

The predicted steady-state leading-edge temperature con-
tours and the outer surface temperature distribution are com-
pared with the conventional finite element solutions in Fig.
9. The temperature distributions obtained from both ap-
proaches are almost identical with the maximum difference
of 0.2% at the nose of the leading edge where the peak tem-
perature occurs.

The aerodynamic pressure on the leading edge and the flow
pressure contours® are shown in Fig. 10. The peak pressure
occurs at the flow stagnation point on the nose and the pres-
sure is nearly uniform on the top and bottom surfaces. This
aerodynamic pressure (Fig. 10) and the leading-edge tem-
perature (Fig. 9) are used as the aerothermal loads for pre-
diction of the leading-edge structural response. The leading-
edge material properties, such as the modulus of elasticity
and the coefficient of thermal expansion, are temperature-
dependent ® The finite element discretization previously used
in the thermal analysis is also used for the structural analysis
to eliminate the data manipulation normally required by the
different analysis disciplines. The predicted tangential stress
contours superimposed on the deformed leading edge are
shown in Fig. 11. The increased leading-edge temperature
causes the leading edge to expand. The temperature differ-
ence between the lower and upper sections (higher temper-
ature on the lower section) causes the leading edge to bend
and rotate upward. The figure shows that the tangential stress,
which is caused primarily by the temperature difference be-
tween the two sections, is relatively low. These results are in
excellent agreement with the conventional finite element re-
sults indicating the validity of the linear flux formulation for
the structural analysis. Again, a 39% computational time sav-
ing is achieved using the linear flux approach.

The predicted structural response obtained from the two-
dimensional leading-edge model is based on a plane strain
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40
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P , d
repsssi:re 20 -~

10

0

s, in.

Fig. 10 Surface pressure distribution and flow pressure contours for
an undisturbed Mach 5.25 flow over leading edge.

Deformed

03"\ \ 5 kei
Deflection “—8ksi “-yndeformed "
Fig. 11 Tangential stress contours on deformed leading edge.
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Fig. 12 A schematic three-dimensional finite element model of 0.25-
in.-diam, 3-in.-long, 1.5-in.-wide leading edge with boundary condi-
tions. .
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Fig. 13 Axial stress contours on deformed leading edge.

assumption. The use of this assumption results in high com-
pressive axial stresses (=150 ksi) in the direction normal to
leading-edge cross section. A three-dimensional analysis with
the appropriate boundary conditions would provide a more
realistic leading-edge axial stress prediction. Such a structural
analysis is presented in the next application.

Three-Dimensional Leading-Edge Model

As mentioned in the theoretical formulation section, the
extension of the linear flux approach to three dimensions is
straightforward. The approach has been extended for both
the thermal and structural analyses using the eight-node hex-
ahedral element. The use of the hexahedral element is pre-
ferred over other three-dimensional element types (such as
the tetrahedral element) to reduce the computer memory re-
quired for the analysis (a hexahedral element consists of five

tetrahedral elements). The purposes of presenting this appli-
cation is: 1) to compare the linear flux solution with the con-
ventional finite element solution for a three-dimensional
problem; 2) to demonstrate the computational time saving;
and 3) to predict a more realistic leading-edge axial stress.

The linear flux approach is applied to predict the leading-
edge structural response using the three-dimensional model
shown in Fig. 12. The mesh on the leading-edge cross section
(x-y plane) is identical to the two-dimensional model de-
scribed in the previous example. The mesh is extended with
a total of 10 layers in the z direction. The aerothermal loads
consist of the temperature distribution (see Fig. 9) and the
aerodynamic pressure (see Fig. 10), which are taken to be
uniform in the z direction.

The predicted axial stress contours superimposed on the
deformed leading edge along the midsection (section z = 0.75
in.) are shown in Fig. 13. This figure shows a more realistic
axial stress distribution that resembles the temperature dis-
tribution. The peak compressive stress of approximately 20
ksi (compared to 150 ksi for 2-D model) occurs at the nose
of the leading edge, where the temperature is maximum. This
significant reduction occurs because there is no axial con-
straint as the two-dimensional case. The conventional finite
element analysis solution is nearly identical with a maximum
difference in the deflection at the leading-edge nose of less
than 0.5%. The linear flux approach shows a computational
time saving of 78% over the conventional finite element ap-
proach in the evaluation of the hexahedral element stiffness
matrix. Such a significant computational time saving is due
to the use of closed-form algebraic expressions instead of the
eight-Gauss-point numerical integration. Of course, fewer
Gauss-point integration could be used at the expense of ac-
curacy.

Conclusions

A linear flux approach for finite element thermal-structural
analysis was presented. The approach employs the assumption
that the fluxes vary linearly as the dependent variables over
the element. Such an assumption is widely used in compu-
tational fluid dynamics. The finite element equations for steady-
state thermal and structural analyses are derived. The finite
element equations consist of the finite element matrices in
integral form that are different from those appearing in the
conventional finite element formulation. A method was de-
veloped to derive these finite element matrices in closed form
and the details of the derivation was described. The use of
the closed-form algebraic expressions for evaluating the finite
element matrices reduces the computational time by 39% for
the 2-D problems and 78% for the 3-D problems compared
to numerical integration. The linear flux formulation also yields
slightly higher accurate results compared to the conventional
finite element formulation.

Four thermal and structural problems were analyzed, and
the results compare favorably with available analytical and
conventional finite element results. The examples have dem-
onstrated the viability of the approach to improve the disci-
plinary analysis efficiency for practical steady-state thermal-
structural problems. :

Appendix: Closed-Form Finite Element Matrices

The closed-form expressions of the finite element matrices
for two-dimensional quadrilateral element, such as the [D,]
matrix, shown in Eq. (7), are

D,(1,1) = =D,(3,3) = —(ya — y))/6
D,2,2) = =D.(4,4) = —(y: = »5)l6
D.(1,3) = =D,(3,1) = —(ys — y,)/12
D,(2,49) = -D,4,2) = —(y, — yy)12
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D,(1,2) = ~(ys + y5 — 2 y,)/12
D.(1,4) = =2y, — y; — y2)/12
D,(2,1) = (ys + y5 — 2,12
D.(2,3) = —(ya — 25 + y)12
D,(3,2) = (s — 2y, — y)/12
D,(3,4) = 2y, — y. — y)/12
D,(4,1) = —(y5 + y, — 2y,)/12
D,(4,3) = =Qys -y — y))/12

where x; and y;,, i = 1, . . ., 4 are nodal coordinates of the
element based on the element node numbering scheme shown
in Fig. 1.

The element flux variation and the element nodal variables
are related through the matrices [P,] and [P,] given in Eq.
(11). The matrix [P,] as an example, is given by

P.(1, 1) = (2 — yu)a v,
P.(1,2) = (s —y)4 V;
P (1,4 = (0n - y)aVv,
P2,1) = (0: = y5)4 V
P(2,2) = (r; = y)A YV,
P.(2,3) = 0n — y)fa V,
P.(3,2) = (y; — y)/4 V,
P,(3,3) = 0u — »)/4 Vs
P,(3,4) = 02— »3)4 Vs
P4, 1) = (s — yl)ia v,
P(4,3) = (0s —2)4 v,

P,(4,4) = (5, — y)/4 V,
P.(1,3) = P.(2,4) = P.(3, 1) = P.(4, 2) =0

where V;,i = 1, ..., 4 are the constants shown in Eq. (22),
and are given by

Vi=1[(; = x)ya + (61 — x4y, + (x4 — x)y,)/4

Vo= [0 = x))ys + (x; — x3)y, + (x5 — x)y,)/4

Vi = [(xs = x)ys + (x; — x)y; + (x4 — x3)y,)/4

V= [(xs = x))ys + (51 — x)ys + (x4 — x3)y,)/4
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